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IF pa||n WHERE n > 4 IS THE ORDER OF A CIRCULANT
HADAMARD MATRIX, THEN THE ORDER OF p MODULO n/pa
IS ODD
LUIS H. GALLARDO
Abstract. We proved recently (see [8]) the result on the title for odd prime
divisors of such an n. The result implies for many n′s, more precisely, for an
infinity of n’s with an arbitrary fixed number of prime divisors, the inexistence
of circulant Hadamard matrices, and the inexistence of Barker sequences of
length n > 13. The proof used a result of Arasu. It turns out that there
is another, shorter proof, of the more general result that includes the prime
p = 2. This new proof is based on a result of Brock (see [2, Theorem 3.1]), and
besides that, requires just the definition of the Fourier transform. I noticed
Brock’s result in a preprint (see [12]) of Winterhof et al. where it is used to
study the inexistence of related Butson-Hadamard matrices.
1. Introduction
A complex matrix H of order n is complex Hadamard if HH∗ = nI, where I is
the identity matrix of order n, and if every entry of H/
√
n is in the complex unit
circle. Here, the ∗ means transpose and conjugate. When such H has real entries,
so that H is a {−1, 1}- matrix, H is called Hadamard. If H is Hadamard and
circulant, say H = circ(h1, . . . , hn), that means that the i-th row Hi of H is given
by Hi = [h1−i+1, . . . , hn−i+1], the subscripts being taken modulo n, for example
H2 = [hn, h1, h2, . . . , hn−1]. A long standing conjecture of Ryser (see [11, pp. 134])
is:
Conjecture 1.1. Let n ≥ 4. If H is a circulant Hadamard matrix of order n, then
n = 4.
Details about previous results on the conjecture and a short sample of recent
related papers are in [9], [10], [4], [3], [6], [7], [8].
The latter paper [8], based in [1], contains a proof of a practical criterion to
reject many values of an integer n with n > 4, as possible orders of a circulant
Hadamard matrix H.
The object of the present paper is to prove the following generalization of these
result:
Theorem 1.2. Let H be a circulant Hadamard matrix of order n = p2a11 · · · p2att
where p1 = 2, a1 = 1 and p2, . . . , pt are all the distinct odd prime factors of n. Set
for all j = 1, . . . , t mj := n/p
2aj
j . Then,
om(p)
is odd, for any prime number p that divides n, where m := mj if p := pj .
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The main result used in the proof is [2, Theorem 3.1] (see also Lemma 2.1 below).
We discovered it in the recent preprint [12] of A. Winterhof, O. Yayla and V. Ziegler,
where it is used to prove inexistence results on some Butson-Hadamard matrices
(complex Hadamard matrices with all its entries k-th roots of 1 for some k).
2. Some tools
Brock’s result (with some rewording) is the following.
Lemma 2.1. Let n = |a|2 ∈ N for some a ∈ Q(wn1), where wn1 = exp(2ipi/n1),
then for every prime p ∤ n1 such that p | n the order on1(p) of p modulo n1 is odd.
Proof. See [2, Theorem 3.1]. 
The following is well known.
Lemma 2.2. A circulant Hadamard matrix of order n exists if and only if |λ| = √n
for each eigenvalue λ of H.
We recall the definition of the Fourier matrix, and in the lemma below the
fundamental property of the Fourier transform for which we may check [5, pp .32–
35].
Definition 2.3. Let n be a positive integer. Let ω := exp(2ipi/n). Then, the
Fourier matrix F is defined by the equality
√
nF ∗ = V andermonde([1, ω, ω2, . . . , ωn−1]) = (ω(i−1)(j−1)).
Lemma 2.4. Let n be a positive integer. If A = circ(a1, . . . , an) is a circulant
matrix, of order n, with complex entries aj ∈ C then its eigenvalues, bj, j = 1, . . . , n
in some order, are given by
√
n · [a1, . . . , an] · F = [b1, . . . , bn]
where the · denotes complex conjugation.
We are now ready to prove our main result in next section.
3. Proof of Theorem 1.2
Set wn := exp(2ipi/n). Moreover, for any given g ∈ {1, . . . , n}, put n1 := mg.
Set wn1 := exp(2ipi/n1).
Let H := circ(h1, . . . , hn). Let R(x) := h1+h2x+· · ·+hnxn−1 be the representer
polynomial of H. By Lemma 2.4, the eigenvalues of H are the bs := R(w
s−1) for
all s = 1, . . . , n. Define the index j ∈ {1, . . . , n} by
(1) p2agg = j − 1.
Observe that
n = (2h)2
where h := 2 · pa22 · · · patt . Now, by Lemma 2.2 one has also
(2) n = bj · bj = |bj |2.
Observe that by definition of wn1 and by (1) one has
wn1 = w
n/n1
n = w
j−1
n .
Thus,
(3) bj = R(w
j−1
n ) = R(wn1) ∈ Q(wn1).
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Set p := pg. Clearly p ∤ n1 and p | n. Therefore, applying Lemma 2.1 to p one
gets that
on1(p)
is odd. This proves the theorem.
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